EPFL - Fall 2022 Dr. Alexis Michelat
Distribution and Interpolation Spaces Exercises
Exercise sheet 12 7 December 2022

3 Sobolev Spaces

Exercise 3.1 (Lemma of Gagliardo). Let fi,..., fyy1 € L*(R¥) and for every z € RFt!
and 1 <17 <k + 1, define

~ k
Ty = (21, ..y Tic1, Tig1, ..., Tpy1) € RY

Prove that the function f : R¥*! — R defined pointwise as
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flz) = Hﬂ»(@)
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Exercise 3.2. Let Q C RY be open. Prove the following statements :

— Let 1 <p < q<ooandue LT(Q)N L2(N), then for any a € [0, 1] and p such
1 a 1—-«
that — = — +
r p q

we have

leallzr @) < lalloqen lullince-

In particular u € L"(Q) for all p < r < g.
— Let 1 <a<B<1andue C%(Q)NC%(Q), then for any ¢ € [0, 1] and ~ such
that v =ta + (1 — t)5 we have

sou € C%(Q) for any a <y < f.

Exercise 3.3. Let n > 2. Let = B(0,1/e) be the ball of radius 1/e of R? centred at
the origin. Verify that the function

u(w) = log <log (%))

is in WH4(Q) and L4(Q) for any 1 < g < oo but not in L>(€).
Remark. This shows that the inclusion W*(Q2) C L>(() is false in general.

Exercise 3.4. Show that the inclusion W'?(Q) C L4(Q) for 1 < g < p is, in general,
false whenever €2 is unbounded.

Exercise 3.5. Let p > d. Show that if f, g € W1P(R?) then fg € WhP(RY).
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